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Important Aspects with Algebraic Loops!

Algebraic loops in OpenModelica:
@ Generated code (functionODE, functionAlgebraics,
initialization, etc.)
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@ Determine proper starting values

FH Bielefeld
University of
Applied Sciences

Nonlinear problem

F(z)=0

21



FH Bielefeld
University of

IntrOd UCtIOﬂ Applied Sciences
Current Status in OpenModelica

Nonlinear problem
Default mixed-solver strategy:

@ Determine proper starting values

» Check validity of starting values with respect to Start vector: z, € R".

regular Jacobian and asserts of function calls




Introduction

Current Status in OpenModelica

Default mixed-solver strategy:
@ Determine proper starting values
» Check validity of starting values with respect to
regular Jacobian and asserts of function calls

@ Start damped Newton algorithm

FH Bielefeld
University of
Applied Sciences

Nonlinear problem

F(z)=0

Start vector: z, € R".

Newton iteration step:

Jr (@k)) s~ _p (ﬁ(k))

PG RN O S (G

Damping parameter:

) e 0,1].

21



Introduction

Current Status in OpenModelica

Default mixed-solver strategy:
@ Determine proper starting values
» Check validity of starting values with respect to
regular Jacobian and asserts of function calls
o Start damped Newton algorithm

» Damping strategy based on expected function
decrease and validity of iteration step

FH Bielefeld
University of
Applied Sciences

Nonlinear problem
F(z)=0

Start vector: z, € R".

Newton iteration step:

Jr (@k)) s~ _p (ﬁ(k))

PG RN O S (G

Damping parameter:

) e 0,1].

21



Introduction

Current Status in OpenModelica

Default mixed-solver strategy:
@ Determine proper starting values
» Check validity of starting values with respect to
regular Jacobian and asserts of function calls
o Start damped Newton algorithm
» Damping strategy based on expected function

decrease and validity of iteration step

@ 1% Fallback case: newly developed Homotopy solver

FH Bielefeld
University of
Applied Sciences

Nonlinear problem
F(z)=0

Start vector: z, € R".

Newton iteration step:

Jr (@k)) s~ _p (g(m)

e N S (G

Damping parameter:

) e 0,1].

21



Introduction

Current Status in OpenModelica

Default mixed-solver strategy:
@ Determine proper starting values
» Check validity of starting values with respect to
regular Jacobian and asserts of function calls
e Start damped Newton algorithm
» Damping strategy based on expected function
decrease and validity of iteration step
@ 1% Fallback case: newly developed Homotopy solver
» Already robust prototype

FH Bielefeld
University of
Applied Sciences

Nonlinear problem
F(z)=0

Start vector: z, € R".

Newton iteration step:

Jr (@k)) s~ _p (g(m)

e RN O S (N

Damping parameter:

) e 0,1].

21



Introduction

Current Status in OpenModelica

Default mixed-solver strategy:
@ Determine proper starting values
» Check validity of starting values with respect to
regular Jacobian and asserts of function calls
e Start damped Newton algorithm
» Damping strategy based on expected function
decrease and validity of iteration step
@ 1% Fallback case: newly developed Homotopy solver
> Already robust prototype

e 2" Fallback case: hybrid solver (-nls hybrid)

FH Bielefeld
University of
Applied Sciences

Nonlinear problem

F(z)=0

Start vector: z, € R".

Newton iteration step:

Jr (@k)) s~ _p (g(m)

e RN O S (G

Damping parameter:

) e 0,1].

21



Introduction

Current Status in OpenModelica

Default mixed-solver strategy:
@ Determine proper starting values
» Check validity of starting values with respect to
regular Jacobian and asserts of function calls
e Start damped Newton algorithm
» Damping strategy based on expected function
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Homotopy Method

General Approach

Nonlinear problem

Solve non-linear equation system
F(z*)=0

with given start vector z, € R™.

v

Possible homotopy functions

o Fixpoint-Homotopy:

H(z,\) = AE(2) + (1 - \)(z — o) = 0
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Simple example
f(z) =2z — 4+ sin(2mz),

=05 z°=2.

Homotopy Path (Fixpoint)
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General Approach

Nonlinear problem

Solve non-linear equation system
F(z*)=0

with given start vector z, € R™.

v

Possible homotopy functions

o Fixpoint-Homotopy:

H(z,A) = AE(z) + (1 = A)(z —z9) =0
@ Newton-Homotopy:

H(z,\) = F(z) = (1= NE(zg) = 0
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=05 z°=2.
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General Approach

Homotopy-iteration
Start with (29, Ao ) and H(zy, A\o) = 0.

=0
Determine (z; 1, A1) with H(z;, 1, Aiy1) = 0.

Stop, when \,,, = 1 yields.

= H Am )=F(z,)=0=z"=z,,.
H(z )=F(z,,) =1z
=1

m?

Procedure:
Perform predictor-corrector steps
= path (z(s), A(s)), s arc length.
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Calculating Homotopy Path  (z(s), A(s))

Predictor step

H(z(s), Ms)) =0

Homotopy Path Calculation
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Homotopy Method
(z(5), A(s))

Predictor step

Calculating Homotopy Path

0H o ., .
:>8—£~§(3)+—-/\(5)—Q.

Solve linear system
Ju (24, Ai) - v, =0,

Jg € R+ Jacobian matrix of H(z, \).
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Perform predictor step

#
Zity ) — < L )+T-~v-
()‘?&-ﬁ-l Ai -

T; step size, v, normalized direction.
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Fix one coordinate, run
Newton iteration steps with
start values (gﬁrh)\ﬁl) until

H(z;\ 1, Niy1) = 0.
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Homotopy Method

Status and Outlook

Problems in current implementation (To-Do-List):
@ Determination of starting direction
> For Newton-Homotopy try both directions
> For Fixpoint-Homotopy only positive direction
@ Improve scaling of iteration variables and equations
> Problems with differentiated variables

@ Utilize Homotopy method for initialization

> Proper symbolic preparation of the operator
homotopy (£ (x) ,g(x))=0 necessary.

@ Provide better starting vector for iteration
» Context-dependent extrapolation:

fODE(z + hei) — fODE(z))
i=1...n

JiopE = ( Y

» OR: Generate symbolic Jacobians for all relevant cases
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v

Well-known solution formula

T1,2 =

—bEtVb2—-4-a-c

2-a

if a#0

ifa=0

x1
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sin (z) =y
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fo:
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fa:
f5:
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Status and Plans with Respect to Tearing

Introduction to Cellier Tearing

Causalised system
—x
fl L Iy = — L
time
gal
Dmg = ————
i cos(time)
—xy — 1 — 23— 4
Bt omg=—= 5
—T3 — Xy — 2
Jai @5 i= — 5
f5 1 14 — x5 - time — 2 - time 20 (res)
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Status and Plans with Respect to Tearing

Introduction to Cellier Tearing

Causalised system
—x
fl L Iy = — L
time
gal
Dmg = ————
i cos(time)
—xy — 1 — 23— 4
Bt omg=—= 5
—T3 — Xy — 2
Jai @5 i= — 5
f5 1 14 — x5 - time — 2 - time 20 (res)

— Division by zero = Simulation failure
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Status and Plans with Respect to Tearing

Consideration of Solvability

Example

fi:
fo:
B
fa:
f5:

T+ 22 - titme = 0

x — a3 - cos(time) =0
2+ r+r3+2044+4=0
T3+ 24 + 225 +2=0

Ty — Ty - time — 2 - time = 0

With constraints for assignments:
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Example

fi:
fo:
fi
fa:
fs:

1+ 22 - titme = 0

x — @3 - cos(time) = 0
T+ 20+ x3 +224+4=0
T3+ Tqg+ 225 +2=0
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Status and Plans with Respect to Tearing

Consideration of Solvability

Example
for a1 = w3 - cos(time)
i mm=—m —x3 — 214 — 4
Ir3 Ty
: = _ =
far x5 5 "5
fi: Az time=0 (resl)
fs5: Ty — x5 time — 2 - time L0 (res2)

4

o In general: Bigger number of tearing
variables with due regard to the solvability
@ In this case: z5 would have causalised the
whole system
— Heuristic does not find the smallest
possible tearing set necessarily
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@ Improve performance for systems with
dimensions greater than 200
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Status and Plans with Respect to Tearing

Consideration of Solvability

Problems in current implementation (To-Do-List):
@ Improve performance for systems with
dimensions greater than 200
> More sophistical implementation (e.g. array
hash-tables)
> Investigate parallelization of algorithm
@ Advanced solvability check
» Make use of expressionSolve module

@ Introduce dynamic tearing techniques

» E.g. change tearing set during simulation

» Check on division by zero during simulation

» Investigate proper and robust switching
criteria
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University of
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» Already efficient implementation using hash-tables,

Option -cseBinary: collects all binary common subexpression,
Option -cseCall: collects all multiple function calls,

Option -cseEachCall: extracts all function calls,

Works only for models with real subexpressions,

Handles complex function calls involving return types like tuples,
arrays, etc.,

» Enormous performance increase detected (e.g. Modelica.Fluid)

vVYyVvVYVvyy

o Expected effects on non-linear equation systems

» Structural change of algebraic loops
» Less computing effort due to code motion
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Original equations
—4+ vy - f(v1) + v = source
201 - f(v1) + v2 + v — v3 = source
3uy - f(v1) — Tva — 203 + 30, =0

vl'f(v1)+v2—v3—v4:0
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Effects of Common Subexpression Elimination Aoplied Scencs

Structural Changes of Strongly Connected Components

Original equations
—4+ vy - f(v1) + v = source
2up - f(v1) + v2 + va — v3 = source
vy - f(ur) — Tvg — 2v3 + 30, =0

vi-f(u)+wv—v3—v=0

o’

Equations after tearing

SCC1 Non-linear tearing variables v1, v4

v2 :=source + 4 -v1 * f(v1)
v3 :=v2-v4 + vl * f(vl)
resl:=2.0 * vl *f(vl) + v2 + v4 - v3 - source

res2 :=3.0 *vl *f(vl)+-7.0*v2+-2.0*v3+3.0*v4

v
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Effects of Common Subexpression Elimination

Structural Changes of Strongly Connected Components

Original equations
—4+ vy - f(v1) + v = source
2up - f(v1) + v2 + va — v3 = source
v - f(v1) — Tva —2v3 + 30, =0

vi-f(u)+wv—v3—v=0

o’

Equations after tearing

SCC1 Non-linear tearing variables v1, v4

v2 :=source + 4 -v1 * f(v1)
v3 :=v2-v4 + vl * f(vl)
resl:=2.0 * vl *f(vl) + v2 + v4 - v3 - source

res2 :=3.0 *vl *f(vl)+-7.0*v2+-2.0*v3+3.0*v4

v
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Equations after common subexpression

elimination and tearing

csel =f(v1) cse2 =vl * csel
SCC1 Linear tearing variables v2, v4
cse2 =source +4-v2
v3=cse2 +v2-v4
resl:=2.0 * cse2 +v2 +v4 - v3 - source

res2:=3.0*cse2 +-7.0*v2+-20*v3+3.0*v4
SCC2 Non-linear tearing variable v1

csel :=f(vl)

resl = cse2 -vl * csel
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Effects of Common Subexpression Elimination

Performance Improvements Due to Code Motion

Original equations

w = f3(z,n)

file,n)-y+ 1.1 fo(z,n)-sinh(z) = 2
fa(z,n) - sinh(y) + 1.1 - fy(z, n) - z = sinh(z)
der(z) =y -2
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Performance Improvements Due to Code Motion

Original equations
w = f3(z,n)
file,n)-y+ 1.1 fo(z,n)-sinh(z) = 2

fa(z,n) - sinh(y) + 1.1 - fy(z, n) - z = sinh(z)
der(z) =y - 2

Equations after tearing

scct’

| A\

Non-linear iteration variables y, z
resl:=fl(x, n) * y + 1.1 * f2(x, n) * sinh(z) - 2.0

res2 := f4(x, n) * sinh(y) + 1.1 * f4(x, n) * z - sinh(z)
Neor der(x) ==y *z
scc3” wi=f3(x, n)

20/21



Effects of Common Subexpression Elimination

Performance Improvements Due to Code Motion

Original equations

w = fs(z,n)

file,n)-y+ 1.1 fo(z,n)-sinh(z) = 2
fa(z,n) - sinh(y) + 1.1 - fy(z, n) - z = sinh(z)
der(z) =y - 2

| A\

Equations after tearing

SCC1’  Non-linear iteration variables Y, Z
resl:=fl(x, n) * y + 1.1 * f2(x, n) * sinh(z) - 2.0
res2 := f4(x, n) * sinh(y) + 1.1 * f4(x, n) * z - sinh(z)
Neor der(x) ==y *z
scc3” wi=f3(x, n)
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Equations after code motion and tearing

scca’
scc2”
scca?
scca”

sccs”
scce*
scc7*

csel =fl(x, n)
cse2 =f2(x, n)
csed = fA(x, n)
Non-linear iteration variablesy, z
cse5 :=sinh(y)
cseb :=sinh(z)
resl :=csel *y+1.1*cse2 * cse6-2.0

res2 :=csed * cse5+ 1.1 * csed * z - cseb
der(x)=y *z

cse3 =f3(x, n)

w = cse3
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Success consists of going from failure to failure
without loss of enthusiasm.

Winston Churchill *1874 11965
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