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Modelica and Optimization

 Theoretical Background
multiple shooting method
 total collocation
 handling

Current status & Outlook
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model

ሶଵݔ ݐ ൌ െ ݑ ݐ 
ଶݑ ݐ
2 ⋅ ଵݔ ݐ

ሶଶݔ ݐ ൌ ݑ ݐ ⋅ ଵݔ ݐ
 goal Maximize the yield of ݔଶ after one hour of operation

݉݅݊
௨ ௧

	 െ ଶݔ 1

 constraints
		0  ଵݔ ݐ , ଶݔ ݐ  1
		0  ݑ ݐ  5

 free input the reaction temperature  ݑ ݐ



Objective function
 Mayer term
 Lagrange term

 Path constrains

New attribute free

…

 A part of the MODRIO-Project



optimization modelName(
objective=…., 
objectiveIntegrand=….)

-> Modelica model;

constraints

…

end modelName



 objective function

min
௨ ௧

	 ܯ ݔ ݐ
Mayer	term

 න ܮ ݔ ݐ , ݑ ݐ , ݐ ݐ݀	

௧

௧బ
Lagrange	term

 subject to
 model equations
 path constraints 



 Mayer term
ܯ ݔ ݐ

 requirements for the endpoint  boundary value problem



 Mayer term
ܯ ݔ ݐ

 requirements for the endpoint  boundary value problem



 Mayer term
ܯ ݔ ݐ

 requirements for the endpoint  boundary value problem

multiple shooting method principle

ݐ ଵݐ ଶݐ ଷݐ



free variable

ݐ ଵݐ ଶݐ ଷݐ



free variable

ݐ ଵݐ ଶݐ ଷݐ



 Mayer term
ܯ ݔ ݐ

 requirements for the endpoint  boundary value problem

multiple shooting method principle

 change of the free variable

ݐ ଵݐ ଶݐ ଷݐ



 Mayer term
ܯ ݔ ݐ

 requirements for the endpoint  boundary value problem

multiple shooting method principle

 change of the free variable

 continuity conditions

ݐ ଵݐ ଶݐ ଷݐ



 Mayer term
ܯ ݔ ݐ

 requirements for the endpoint  boundary value problem
multiple shooting method principle
 change of the free variable
 continuity conditions

DAE system inline 
solver

algebraic
system



 Lagrange term

න ܮ ݔ ݐ , ݑ ݐ , ݐ ݐ݀	

௧

௧బ

ൎ Δݐ ⋅ݓ ܮ ݔ ,ݐ , ݑ ,ݐ , ୧,୨ݐ

ିଵ

ୀ



ୀଵ

 quadrature formula with ݉ abscissas
 Legendre
 Radau
 Lobatto

ݓ, ,ݐ is given by the quadrature formula 



Δݐ ⋅ݓ  ܮ ݔ ,ݐ , ݑ ,ݐ , ୧,୨ݐ

ିଵ

ୀ



ୀଵ

ݔ ,ݐ , ݑ ,ݐ are  needed

ݐ ଵݐ ଶݐ ଷݐ



Δݐ ⋅ݓ  ܮ ݔ ,ݐ , ݑ ,ݐ , ୧,୨ݐ

ିଵ

ୀ



ୀଵ

 collocation method

ݐ ଵݐ ଶݐ ଷݐ



Δݐ ⋅ݓ  ܮ ݔ ,ݐ , ݑ ,ݐ , ୧,୨ݐ

ିଵ

ୀ



ୀଵ

 collocation method in the 
loop

 add collocation  conditions

ݐ ଵݐ ଶݐ ଷݐ



Δݐ ⋅ݓ  ܮ ݔ ,ݐ , ݑ ,ݐ , ୧,୨ݐ

ିଵ

ୀ



ୀଵ

 collocation method in the 
loop

 add collocation  conditions

 simplify  Radau IIA or       
Lobatto IIIA

ݐ ଵݐ ଶݐ ଷݐ



 Collocation method and Jacobian structure


ିଵ


 Example

ݏ݁ݎ ≔ 	
ݔ
ݔ
ݔ

 Δݐ ⋅
ܽଵଵ ܽଵଶ ܽଵଷ
ܽଶଵ ܽଶଶ ܽଶଷ
ܽଷଵ ܽଷଶ ܽଷଷ

⋅
݂ ,ଵݔ ଵݑ
݂ ,ଶݔ ଶݑ
݂ ,ଷݔ ଷݑ

െ
ଵݔ
ଶݔ
ଷݔ

ൌ! 0

	ݏ݁ݎ߲

߲
ଵݑ
ଶݑ
ଷݑ

ൌ Δݐ ⋅
ܽଵଵ ܽଵଶ ܽଵଷ
ܽଶଵ ܽଶଶ ܽଶଷ
ܽଷଵ ܽଷଶ ܽଷଷ

⋅
∗ 0 0
0 ∗ 0
0 0 ∗

ൌ
∗ ∗ ∗
∗ ∗ ∗
∗ ∗ ∗



 Collocation method and Jacobian structure


ିଵ


 Example

ݏ݁ݎ ≔
ܽଵଵ ܽଵଶ ܽଵଷ
ܽଶଵ ܽଶଶ ܽଶଷ
ܽଷଵ ܽଷଶ ܽଷଷ

ିଵ

⋅
ݔ
ݔ
ݔ

െ
ଵݔ
ଶݔ
ଷݔ

 Δݐ ⋅
݂ ,ଵݔ ଵݑ
݂ ,ଶݔ ଶݑ
݂ ,ଷݔ ଷݑ

ൌ! 0

	ݏ݁ݎ߲

߲
ଵݑ
ଶݑ
ଷݑ

ൌ
∗ 0 0
0 ∗ 0
0 0 ∗



Lagrange-term
 Example Radau quadrature 

3
4 ⋅ ܮ ݔ ݐ 

1
3Δݐ , ݑ ݐ 

1
3Δݐ , t୧ 

1
3Δݐ 

1
4 ⋅ ܮ ݔ ݐ  1 ⋅ Δݐ , ݑ ݐ  1 ⋅ Δݐ , t୧  1 ⋅ Δݐ

 ݑ ݐ not included in the objective function!

 Lobatto IIIA for the first subinterval



 Differences  between Radau IIA and Lobatto IIIA

 Radau IIA 

 more sparse structure

 a high stability

 Lobatto IIIA 

 continuously differentiable continuation



 Differences  between multiple shooting and total collocation

 multiple shooting

 more sparse structure

 reduced search space

 total collocation

 no need to solve nonlinear system in optimization step  

 easier to generate Jacobian, gradient,… for optimizer



 path constraints

 evaluate on the collocation points 

 evaluate on the multiple shooting points  



Current Status
 Optimica+Modelica parser and AST building already works
 C-Code generation for Lagrange- ,Mayer term and path constraints exist
 numerical differentiation partially automated for the problem

Outlook
 generate the equations in Compilier
 symbolic preprocessing
 symbolic differentiation




